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In the present paper, some new and compact basis-free expressions are derived for representing stresses conjugate to the
Lagrangean Hill’s strain measures. Solving a tensor equation in the form of AX + XA = C, a rather simple general expres-
sion is obtained for the conjugate stresses in the case of distinct principal stretches. The result decomposes the conjugate
stresses additively into two parts, such that one part is coaxial with the right stretch tensor while another part is orthogonal
to it. An expression for the case of double-coalescent principal stretches is also obtained. As an example of the general
results, simple expressions are obtained for the stress conjugate to the logarithmic strain.
 2008 Elsevier Ltd. All rights reserved.
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We consider an inﬁnitesimal element of a deforming body. The power of surface and body forces imposed
on the element may generally change the kinetic and internal energy of it. That part of the power of the forces
which changes the internal energy is called the stress power. The stress power may be expressed per unit vol-
ume of the element in either the reference or current conﬁguration. The stress power _w per unit reference con-
ﬁguration volume is written in terms of the Cauchy stress tensor r as follows (Xiao, 1995).0020-7
doi:10
* Co
E-m_w ¼ Jr : D; ð1Þ
where J denotes the ratio of volume of the element in the current conﬁguration to the reference conﬁguration,
the symmetric tensor D stands for the rate of deformation tensor, i.e. the symmetric part of the velocity gra-
dient, and the sign: represents the double scalar product.
Let {ki} and {Ni} be the eigenvalues and some corresponding orthonormal eigenvectors of the right stretch
tensor U, respectively, so that its spectral representation is written as683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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X3
i¼1
kiNi Ni: ð2ÞThe eigenvalues {ki} are called the principal stretches. Also, the eigenvectors {Ni} determine the Lagrangean
triad. It is noted that the right stretch tensor is symmetric and positive-deﬁnite, and in the case of non-distinct
or coalescent principal stretches the Lagrangean triad can not uniquely be determined. A general class of
Lagrangean strain measures was deﬁned by Hill as (Hill, 1968, 1978):Eðf Þ ¼
X3
i¼1
f ðkiÞNi Ni; ð3Þwhere the scale function f() is an arbitrary strictly-increasing continuously diﬀerentiable scalar function sat-
isfying conditions f(1) = 0 and f 0(1) = 1. Also, the symbol  represents the dyadic or tensor product. If in the
special case, f() is selected in the form of f(k) = (kn  1)/n with n as an arbitrary integer, then the Seth’s class
of strains (Seth, 1964) with the notation E(n) are obtained. For example, the Nominal strain E(1) = (U  I), the
Green’s strain E(2) = (U2  I)/2 and the logarithmic strain E(0) = lnU are strain measures in the Seth’s class
that are given by the scale functions f(k) = (k  1), f(k) = (k2  1)/2 and f(k) = lnk, respectively.
The concept of work conjugacy was introduced by Hill (1968) and Macvean (1968). According to this con-
cept, a symmetric stress tensor T is conjugate to the Lagrangean strain measure E if the double scalar product
of T and material time rate of E produces the stress power, i.e._w ¼ T : _E ¼
X
i;j
T ij _Eij; ð4Þwhere Tij and _Eij are the components of the symmetric tensors T and _E with respect to a Cartesian coordinate
system. The tensors conjugate to E(1), E(2) and E(0) are commonly used stresses and are called as the Biot stress
T(1), the second Piola-Kirchhoﬀ stress T(2) and T(0), respectively.
In the study of nonlinear continuum mechanics, strain measures, their rates and their conjugate stresses are
basic quantities (Hill, 1978; Guo and Dubey, 1984; Ogden, 1984). Finding expressions for these basic quan-
tities has been a popular issue among researchers in the past decades. Now, we give a short review of the
results on Lagrangean conjugate stresses. Hill (1978) derived component-form expressions for the stress tensor
T(f) conjugate to an arbitrary Hill’s strain E(f) on the Lagrangean triad in terms of the components of Kirch-
hoﬀ stress tensor s = Jr. Intrinsic or basis-free expressions for the stress T(0) conjugate to the logarithmic
strain E(0) = lnU were derived by Hoger (1987). Wang and Duan (1991) obtained basis-free or invariant-form
expressions for the stress conjugate to an arbitrary Hill’s strain measure in terms of the back rotated Cauchy
stress, RTr R, where R is the rotation tensor of the deformation relative to the reference conﬁguration. Also,
basis-free expressions for the stress conjugate to an arbitrary Seth’s strain measure, excluding n = 0, were
derived by Guo and Man (1992). Xiao (1995) derived basis-free expressions for the stress conjugate to an arbi-
trary Hill’s strain measure in terms of the Biot(-Jaumann) stress tensor T(1). Dui et al. (2000) have also derived
some basis-free expressions for the stress tensor conjugate to an arbitrary strain of Seth’s strain measures,
excluding n = 0, in terms of T(1). Farahani and Naghdabadi (2000) obtained the relation between components
of two stress tensors conjugate to arbitrary strains of Seth’s class on the Lagrangean triad. They also derived
expressions relating the components of two stress tensors conjugate to arbitrary Hill’s strain measures and
obtained some basis-free expressions between these stress tensors (Farahani and Naghdabadi, 2003). In the
mentioned works Lagrangean conjugate stresses, which is the subject of this paper, have been studied. It is
stated that there are also some works on Eulerian conjugate stresses (see Nicholson (2003), Asghari et al.,
2007), and on Two-Point conjugate stresses (see Bock and Holzapfel (2004), Asghari and Naghdabadi (2007)).
The tensor equations in the following formAXþ XA ¼ C; ð5Þ
have been dealt greatly in the literature for the study of nonlinear continuum mechanics. In these equations, A
and C are known, and X is the unknown second-order tensor, where A is symmetric and positive-deﬁnite.
Some diﬀerent solutions or identical solutions based on diﬀerent methods for this tensor equation have been
3586 M. Asghari et al. / International Journal of Solids and Structures 45 (2008) 3584–3595obtained by Sidoroﬀ (1978), Dienes (1979), Guo (1984), Hoger and Carlson (1984), Mehrabadi and Nemat-
Nasser (1987), Scheidler (1994), Dui (1999) and Rosati (2000).
In this paper, new and simple basis-free expressions are derived for the stress T(f) conjugate to an arbitrary
Lagrangean Hill’s strain measure E(f). The result for the case of distinct principal stretches is obtained through
decomposing the stresses into two orthogonal parts, such that one part is coaxial with the right-stretch tensor.
Then, basis-free expressions for each of these two parts are obtained. The oﬀ-diagonal part of the conjugate
stress is determined by developing a tensor equation for it in the form of (5) and use of the solution presented
for this equation by Hoger and Carlson (1984). Also, the corresponding results for the cases of coalescent prin-
cipal stretches are presented. As an example for the application of the provided general results, new and com-
pact expressions for the stress conjugate to the logarithmic strain is derived.2. Preliminaries
We consider a symmetric positive-deﬁnite tensor such as U whose number of distinct eigenvalues are equal
to m. Let k1, . . . ,km be the distinct eigenvalues of U and P1, . . . ,Pm be the corresponding symmetric eigenpro-
jections. These eigenprojections can be written in terms of U and its eigenvalues as (Luher and Rubin, 1990)Pi ¼
Qm
j ¼ 1
j 6¼ i
UkjI
kikj ; m > 1;
I; m ¼ 1:
8>><>>: ð6Þ
It is noted that the summation convention is not used over indices in this paper. Using the eigenprojections, we
can write the Hill’s strain measures E(f) asEðf Þ ¼
Xm
i¼1
f ðkiÞPi: ð7ÞUsing the representation theorem for isotropic tensor valued functions, E(f) can also be written in the follow-
ing formEðf Þ ¼ a0Iþ a1Uþ a2U2; ð8Þ
where the coeﬃcients ai are scalar invariants of U which are uniquely determined in the case of distinct or non-
coalescent principal stretches. Moreover, in view of Eqs. (3) and (8), it can be deduced thatf ðkiÞ ¼ a0 þ a1ki þ a2k2i : ð9Þ
In the case of double coalescent principal stretches, it is possible to write E(f) and f(ki) uniquely in simpler
forms asEðf Þ ¼ a0Iþ a1U ð10Þ
andf ðkiÞ ¼ a0 þ a1ki; ð11Þ
where the coeﬃcients ai are isotropic scalar-valued functions of U. Finally, in the case of triple-coalescent prin-
cipal stretches, i.e. k1 ¼ k2 ¼ k3 :¼ k0, we haveEðf Þ ¼ f ðk0ÞI: ð12Þ
In the case of distinct principal stretches, i.e. m = 3, by substituting the eigenprojections from Eq. (6) into
Eq. (7) and then comparing the result with Eq. (8), the invariant scalars ai of E
(f) can be obtained as (see also
Man (1994))
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X
i
f ðkiÞkjkkðkj  kkÞ;
a1 ¼ 1D
X
i
f ðkiÞðkj  kkÞðkj þ kkÞ;
a2 ¼ 1D
X
i
f ðkiÞðkj  kkÞ; ð13Þwhere D is expressible in terms of the principal stretches asD ¼ ðk1  k2Þðk2  k3Þðk3  k1Þ: ð14Þ
Here and henceforth, the summation
P
i is to be carried out for all even permutations (i, j,k) of the set (1,2,3).
If D = 0, at least two of the three principal stretches are equal. The parameter D2 is a scalar invariant of U and
it is possible to express D2 in terms of its principal invariants (IU = k1 + k2 + k3, IIU = k1k2 + k2k3 + k3k1,
IIIU = k1k2k3) as (Xiao, 1995):D2 ¼ 18IU IIU IIIU þ I2UII2U  4I3UIIIU  4II3U  27III2U : ð15Þ
Once having the principal invariants of U, by use of Eq. (15) it is easy to check that whether the three principal
stretches are distinct or not.
In the case of double-coalescent principal stretches, i.e. m = 2, with the assumption k1 6¼ k2 ¼ k3 :¼ k0, by
substituting the eigenprojections from Eq. (6) into Eq. (7) and then comparing the result with Eq. (8), we
arrive ata0 ¼ k0f ðk1Þ  k1f ðk0Þk0  k1 ;
a1 ¼ f ðk1Þ  f ðk0Þk1  k0 :
ð16ÞIn the case of double-coalescent principal stretches, D2 = 0 and I2U  3IIU ¼ ðk1  k0Þ2 6¼ 0. Moreover, the
principal stretches may be calculated from the principal invariants from (Guo et al., 1992):k1 ¼ 1
3
IU þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 2I3U  9IU IIU þ 27IIIU
 
3
q 
; ð17Þ
k0 ¼ 1
2
½IU  k1: ð18ÞIt is noted that in the case of triple-coalescence, D2 = 0 and I2U  3IIU ¼ ðk1  k0Þ2 6¼ 0.
The components of _Eðf Þ with respect to a Lagrangean triad, are related to those of _U through (Ogden, 1984)_Eðf Þij ¼ sij _Uij; i; j ¼ 1; 2; 3; ð19Þ
wheresij ¼ sji ¼
f 0ðkiÞ; kj ¼ ki;
f ðkjÞf ðkiÞ
kjki ; kj 6¼ ki:
(
ð20Þ3. Basis-free expressions for the stress T(f) conjugate to E(f)
Recalling that the Biot stress T(1) is conjugate to the nominal strain E(1) = U  I, and also in view of Eqs.
(4) and (19), the following component-form identity with respect to a Lagrangean triad for the stress power
can be written:X3
i;j¼1
T ðf Þij sij _Uij ¼
X3
i;j¼1
T ð1Þij _Uij ¼ _w: ð21Þ
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point of the deforming body. Since the symmetric components _Uij vary independently, in general, it can be
concluded that (Ogden, 1984)T ðf Þij sij ¼ T ð1Þij ; i; j ¼ 1; 2; 3: ð22Þ
Combination of Eqs. (20) and (22) implies the following relation between the diagonal components of T(f) and
T(1) on any Lagrangean triadT ðf Þii ¼
1
f 0ðkiÞ T
ð1Þ
ii ; i ¼ 1; 2; 3: ð23ÞIn the following, we consider diﬀerent cases of distinct and coalescent principal stretches and obtain the cor-
responding basis-free expressions for T(f).
3.1. Stress T(f) in the case of distinct principal stretches
Considering an arbitrary symmetric second-order tensor such as B with components Bij on the Lagrangean
triad, it can be decomposed asB ¼ Bd þ Bo; ð24Þ
where Bd ¼
P
BiiNi Ni and Bo ¼
P
Bijð1 dijÞNi Nj have only diagonal and oﬀ-diagonal components on
the Lagrangean triad, respectively, stating that dij denotes the Kronecker delta. Hence, Bd is coaxial with U
while Bo is orthogonal to it, such that BdU = UBd and Bo:U = 0. Henceforth, a subscript d (subscript o) with
a second order tensor denotes its diagonal (oﬀ-diagonal) part on the Lagrangean triad.
Consider Sd as an arbitrary tensor with zero oﬀ-diagonal components on the Lagrangean triad. Being
triviallySd : Bo ¼ 0; ð25Þ
by use of Eqs. (4) and (24) we writeTðf Þ : _Eðf Þ ¼ Tðf Þd : _Eðf Þd þ Tðf Þo : _Eðf Þo ¼ _w1 þ _w2 ¼ _w: ð26Þ
The parameter _w1ð _w2Þ is a part of the stress power produced by interaction of the diagonal (oﬀ-diagonal) com-
ponents of T(f) and _Eðf Þ. By use of Eqs. (19), (22) and (26), it can be written_w2 ¼ Tðf Þo : _Eðf Þo ¼
X3
i; j ¼ 1
i 6¼ j
ðT ðf Þo Þijsijð _UoÞij ¼
X3
i; j ¼ 1
i 6¼ j
ðT ð1Þo Þijð _UoÞij ¼ Tð1Þo : _Uo: ð27ÞWith the aid of Eq. (8), we write the rate of E(f) as_Eðf Þ ¼ _a0Iþ _a1Uþ _a2U2 þ a1 _Uþ a2ðU _Uþ _UUÞ: ð28Þ
It is noted that the scalars ai, given by Eqs. (13), are diﬀerentiable functions of the principal stretches in the
case of distinct principal stretches, when the scale function f() is continuously diﬀerentiable (Man, 1994,
1995). Also the principal stretches, as the eigenvalues of the continuously diﬀerentiable time dependent tensor
U, are diﬀerentiable functions of time (Kato, 1982). Hence, the scalars ai are diﬀerentiable functions of time so
that Eq. (28) is valid. The oﬀ-diagonal components of the ﬁrst three terms on the right-hand side of this equa-
tion vanish. Hence, the oﬀ-diagonal components of the other terms are identical with those of _Eðf Þ. Thus, in
view of Eqs. (25) and (27), we writeTðf Þo : _E
ðf Þ
o ¼ Tðf Þo : a1 _Uþ a2ðU _Uþ _UUÞ
  ¼ Tð1Þo : _Uo ¼ Tð1Þo : _U ¼ _w2: ð29Þ
From this, it can be deduced thata1T
ðf Þ
o þ a2ðUTðf Þo þ Tðf Þo UÞ
 
: _U ¼ Tð1Þo : _U ¼ _w2: ð30Þ
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where tensor A, which is coaxial with the right-stretch tensor, is written asA ¼ a1
2
Iþ a2U: ð32ÞEq. (31) for Tðf Þo is a tensor equation in the form of Eq. (5). A basis-free solution of Eq. (5) can be written as
(Hoger and Carlson, 1984)X ¼ 1
2ðIAIIA  IIIAÞIIIA 2ðI
2
A  IIAÞIIIAC 2IIIAðA2Cþ CA2Þ þ ½ðIAII2A þ IIAIIIA  I2AIIIAðtrCÞ
	
I2AIIAðtrCAÞ þ ðIAIIA þ IIIAÞðtrCA2ÞIþ ½I2AIIAðtrCÞ þ ðI3A þ IIIAÞðtrCAÞ  I2AðtrCA2ÞA
þ½ðIAIIA þ IIIAÞðtrCÞ  I2AðtrCAÞ þ IAðtrCA2ÞA2


; ð33Þwhere IA,IIA,IIIA are the principal invariants of A. This solution is valid if the denominator is nonzero (Schei-
dler, 1994). By replacement of C with Tð1Þo in Eq. (33), a solution can be found for Eq. (31). Noting that the
diagonal components of Tð1Þo vanish on the principal basis of A (Lagrangean triad), and hence
trðTð1Þo A2Þ ¼ trðTð1Þo AÞ ¼ trðTð1Þo Þ ¼ 0, this replacement leads toTðf Þo ¼
1
IAIIA  IIIA ½ðI
2
A  IIAÞTð1Þo  A2Tð1Þo  Tð1Þo A2: ð34ÞClearly, this result is valid if the denominator is nonzero, i.e. (IA IIA  IIIA) 6¼ 0. Tensor A deﬁned by (32) is
such that this condition is satisﬁed. To see this fact, denoting the eigenvalues of A by Ai and considering the
representation of the principal invariants of A in terms of its eigenvalues asIA ¼ A1 þ A2 þ A3; IIA ¼ A1A2 þ A2A3 þ A1A3; IIIA ¼ A1A2A3;
it is easy to ﬁnd thatIAIIA  IIIA ¼ ðA1 þ A2ÞðA2 þ A3ÞðA3 þ A1Þ:
Eq. (32) implies that Ai = a1/2 + a2ki. Hence, we haveIAIIA  IIIA ¼ ða1 þ a2ðk1 þ k2ÞÞða1 þ a2ðk2 þ k3ÞÞða1 þ a2ðk3 þ k1ÞÞ:
On the other hand, from Eq. (9) one can writef ðkjÞ  f ðkiÞ
kj  ki ¼ a1 þ a2ðki þ kjÞ; ki 6¼ kj:Since the scale function f() is monotone, (f(kj)  f(ki))/(kj  ki) is always positive. Thus, a1 + a2(ki + kj) is also
positive, so that (IA IIA  IIIA) is always nonzero.
Eq. (23) relates the diagonal components of T(f) and T(1) on the Lagrangean triad. This equation can be
expressed in the basis-free form asT
ðf Þ
d ¼ ðEðf
0ÞÞ1Tð1Þd ; ð35Þ
where Eðf
0Þ is a tensor similar to the class deﬁned in Eq. (3) with the scale function f 0(), i.e.Eðf
0Þ ¼
X3
i¼1
f 0ðkiÞNi Ni; ð36Þso that we writeEðf
0Þ
 1
¼
X3
i¼1
1
f 0ðkiÞNi Ni: ð37Þ
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0Þ
 1
, by comparing Eq. (37) with (3) we conclude that similar to Eqs.
(8) and (13) it can be writtenEðf
0Þ
 1
¼ b0Iþ b1Uþ b2U2; ð38Þwhereb0 ¼ 1D
X
i
1
f 0ðkiÞ kjkkðkj  kkÞ;
b1 ¼ 1D
X
i
1
f 0ðkiÞ ðkj þ kkÞðkj  kkÞ;
b2 ¼ 1D
X
i
1
f 0ðkiÞ ðkj  kkÞ:
ð39ÞFor obtaining basis-free expressions for T(f), it is needed to express Tð1Þd in an invariant form. Once such expres-
sion is provided, Tð1Þo is determined fromTð1Þo ¼ Tð1Þ  Tð1Þd : ð40Þ
To obtain invariant expression for Tð1Þd , ﬁrst we write the following identityk2i kj þ kik2j  IUkikj þ IIIU ¼ ð2k3i  IUk2i þ IIIU Þdij; i; j ¼ 1; 2; 3: ð41Þ
The characteristic equation of U, i.e.k3k  IUk2k þ IIUkk  IIIU ¼ 0; k ¼ 1; 2; 3; ð42Þ
and Eq. (41) can be used to writeT ð1Þij ðk2i kj þ kik2j  IUkikj þ IIIU Þ ¼ T ð1Þij ðIUk2i  2IIUki þ 3IIIU Þdij; i; j ¼ 1; 2; 3: ð43Þ
In view of Eqs. (2) and (43), a tensor identity can be concluded asU2Tð1ÞUþUTð1ÞU2  IUUTð1ÞUþ IIIU I ¼
X3
i¼1
ðIUk2i  2IIUki þ 3IIIUÞT ð1Þii Ni Ni: ð44ÞNow, with Eq. (44) in hand, we write a basis-free expression for Tð1Þd ¼
P
T ð1Þii Ni Ni as follows
T
ð1Þ
d ¼ K1½U2Tð1ÞUþUTð1ÞU2  IUUTð1ÞUþ IIIUI: ð45ÞwhereK ¼ IUU2  2IIUUþ 3IIIU I: ð46Þ
It is noted that K is invertible. This fact can be seen from the following relationKi ¼ IUk2i  2IIUki þ 3IIIU ¼ 2k3i  IUk2i þ IIIU ¼ kiðki  kjÞðki  kkÞ; i 6¼ j 6¼ k 6¼ i;
where Ki denotes an eigenvalue of K. Since the distinct principal stretches are always positive, the eigenvalues
of K are diﬀerent from zero, so that K is invertible. The determinant of K is expressible asdetðKÞ ¼ K1K2K3 ¼ k1k2k3ðk1  k2Þ2ðk2  k3Þ2ðk3  k1Þ2
¼ IIIU ð18IU IIU IIIU þ I2UII2U  4I3UIIIU  4II3U  27III2U Þ: ð47Þ
Let bK be the adjoint of K. Hence, we substitute K1 ¼ bK= detðKÞ in Eq. (45) to arrive atT
ð1Þ
d ¼
1
detðKÞ
bK½U2Tð1ÞUþUTð1ÞU2  IUUTð1ÞUþ IIIUI: ð48ÞRepresenting T
ð1Þ
d by Eq. (48) is motivated by the fact that computation of
bK is simple, even simpler than com-
putation of K2, such that each component bKij of bK with respect to any coordinate system with orthonormal
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2 is the sum of three prod-
ucts of Kij (Ting, 1996).
Finally, combination of Eqs. (24), (34) and (35) results in a compact basis-free expression for T(f) in the case
of distinct principal stretches asTðf Þ ¼ Tðf Þd þ Tðf Þo ¼ Eðf
0Þ
 1
T
ð1Þ
d þ
1
ðIAIIA  IIIAÞ ðI
2
A  IIAÞTð1Þo  A2Tð1Þo  Tð1Þo A2
 
; ð49Þwith Eðf
0Þ, A, Tð1Þd and T
ð1Þ
o as deﬁned in Eqs. (36), (32), (48) and (40), respectively. For obtaining conjugate
stresses in special cases, it suﬃces to calculate the appropriate scalar invariants a1,a2,b0,b1 and b2 correspond-
ing to the speciﬁc scale function f() by use of Eqs. (13) and (39). The general result represented in Eq. (49) is
simple relative to the available results in the literature, specially it is not involved in calculating complex scalar
coeﬃcients. Determining T(f) from Eq. (49) requires the calculation of three relatively simple scalar coeﬃcients
bi from (39) for obtaining E
ðf 0Þ
 1
together with two relatively simple scalar coeﬃcients a1,a2 from (13) for
obtaining A. The result of this paper also have some merits in the sense that it decomposes T(f) additively into
two parts, one part Tðf Þd ¼ Eðf
0Þ
 1
T
ð1Þ
d coaxial with the right stretch tensor U and another part T
ðf Þ
o orthog-
onal to it. For the isotropic-elastic materials, where T(1) is coaxial with U and hence Tðf Þo ¼ 0, Eq. (49) is sim-
pliﬁed to Tðf Þ ¼ Eðf 0Þ
 1
Tð1Þ.
3.2. Stress T(f) in the cases of coalescent principal stretches
For obtaining basis-free expressions in the case of double-coalescent principal stretches without loss of gen-
erality let k1 6¼ k2 ¼ k3 :¼ k0. Considering an arbitrary symmetric second-order tensor B with components Bij
on the Lagrangean triad, we deﬁneBd ¼
X3
i¼1
BiiNi Ni þ B23ðN2 N3 þN3 N2Þ ¼ Bd þ B23ðN2 N3 þN3 N2Þ ð50ÞandBo ¼ B Bd; ð51Þ
where N2 and N3 are any two perpendicular unit vectors in the plane normal to the N1, i.e. the corresponding
eigenvector of k1. Also, we consider the following identityki þ kj  i1 ¼ ð2ki  i1Þdij; i; j ¼ 0; 1; ð52Þ
where the invariant i1 is expressed asi1 ¼ k1 þ k0: ð53Þ
It is possible to write1
2ki  i1 ¼
2ki  i1
i21  4i2
; i ¼ 0; 1; ð54Þwherei2 ¼ k1k0: ð55Þ
It is noted that i21  4i2 ¼ ðk1  k0Þ2 6¼ 0, because of assuming k1 6¼ k0. By combination of Eqs. (2), (50), (52)
and (54) we obtain the following expression for Tð1Þd in terms of T
(1) and UT
ð1Þ
d ¼
1
i21  4i2
ð2U i1IÞðUTð1Þ þ Tð1ÞU i1Tð1ÞÞ: ð56ÞUsing the identity U2 = i1U  i2I for the case of double-coalescence, Eq. (56) is simpliﬁed to
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ð1Þ
d ¼
1
i21  4i2
2UTð1ÞU i1ðUTð1Þ þ Tð1ÞUÞ þ ði21  2i2ÞTð1Þ
 
: ð57ÞIn view of Eqs. (19), (22) we writeTðf Þo : _E
ðf Þ
o ¼
X
i;j
ðT ðf Þo Þijsijð _UoÞij ¼
X
i;j
ðT ð1Þo Þijð _UoÞij ¼ Tð1Þo : _Uo: ð58ÞSince on the Lagrangean triad the oﬀ-diagonal components of Tð1Þo , except (2,3) and (3,2) components, vanish
we can write Tð1Þo : _Uo ¼ Tð1Þo : _U. So, we haveTðf Þo : _E
ðf Þ
o ¼ Tð1Þo : _U: ð59ÞIn this step, _Eðf Þo is replaced with an expression in terms of _U. By use of Eq. (10), we write the rate of E
(f) in the
case of two repeated principal stretches as_Eðf Þ ¼ _a0Iþ _a1Uþ a1 _U: ð60Þ
It is obvious that the oﬀ-diagonal components of the ﬁrst two terms on the right-hand side of Eq. (60) vanish.
Hence, the oﬀ-diagonal components of the last term are identical with those of _Eðf Þ. On the other hand, the
diagonal components of Tðf Þo vanish. Thus, considering Eqs. (59) and (60), we getTðf Þo : _E
ðf Þ
o ¼ Tðf Þo : ða1 _UÞ ¼ Tð1Þo : _U: ð61ÞDue to the arbitrariness of _U, it is deduced thatTðf Þo ¼
1
a1
Tð1Þo ¼
1
a1
Tð1Þ  Tð1Þd
 
: ð62ÞIn this step Tðf Þd is obtained. Using Eqs. (20) and (22), in the case of k2 ¼ k3 :¼ k0 we may writeT ðf Þ23 ¼ T ðf Þ32 ¼
1
f 0ðk0Þ T
ð1Þ
23 ¼
1
f 0ðk0Þ T
ð1Þ
32 : ð63ÞBy combining this result with Eq. (35) for the relation between diagonal components of T(f) and T(1), and
recalling that Eðf
0Þ
22 ¼ Eðf
0Þ
33 ¼ f 0ðk0Þ, we arrive atT
ðf Þ
d ¼ ðEðf
0ÞÞ1Tð1Þd ; ð64Þ
with ðEðf 0ÞÞ1 as deﬁned in (37). To obtain a basis-free expression for ðEðf 0ÞÞ1 in the case of double-coalescent
principal stretches, by comparing Eq. (37) with (3) we conclude that similar to Eqs. (10) and (16) it can be
writtenðEðf 0ÞÞ1 ¼ b0Iþ b1U; ð65Þ
whereb0 ¼ k0f
0ðk0Þ  k1f 0ðk1Þ
ðk0  k1Þf 0ðk1Þf 0ðk0Þ ;
b1 ¼ f
0ðk0Þ  f 0ðk1Þ
ðk0  k1Þf 0ðk1Þf 0ðk0Þ :
ð66ÞFinally, combining Eqs. (62) and (64), we write a basis-free expression for T(f) in the case of double coalescent
principal stretches asTðf Þ ¼ Tðf Þd þ Tðf Þo ¼ Eðf
0Þ
 1
T
ð1Þ
d þ
1
a1
Tð1Þ  Tð1Þd
 
; ð67Þwith Eðf
0Þ
 1
and a1 as given by Eqs. (65) and (16), respectively. Also, T
ð1Þ
d has been represented in Eq. (57).
Eq. (67) decomposes T(f) additively into two parts, one part Tðf Þd ¼ Eðf
0Þ
 1
T
ð1Þ
d coaxial with the right stretch
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(1) is coaxial with U
and hence Tðf Þo ¼ 0, Eq. (67) is simpliﬁed to Tðf Þ ¼ ðEðf
0ÞÞ1Tð1Þ.
In the case of triple coalescent principal stretches, i.e. k1 ¼ k2 ¼ k3 :¼ k0, it may be writtenT ðf Þij ¼
1
f 0ðk0Þ T
ð1Þ
ij ; ð68Þon using Eqs. (20) and (22). This equation implies the following well-known basis-free expression for T(f) in the
case of triple coalescent principal stretches (Xiao, 1995):Tðf Þ ¼ 1
f 0ðk0ÞT
ð1Þ: ð69Þ4. Example
As an example, new representations of stress T(0) conjugate to the Lagrangean logarithmic strain
E(0) = lnU are determined by applying the general results of previous sections. The scale function of
lnU is f(k) = lnk. Hence, from Eqs. (13) and (16) we get the invariants scalars a1, a2 and a1 for E
(0) as
followsaln1 ¼
1
D
X
i
ln kiðkj þ kkÞðkj  kkÞ;
aln2 ¼
1
D
X
i
ln kiðkj  kkÞ;
aln1 ¼
ln k1  ln k0
k1  k0 :
ð70ÞSince f 0(k) = (lnk)0 = 1/k, with the aid of Eq. (36) we getðEðf 0ÞÞ1 ¼ U: ð71Þ
In view of Eq. (32) and by substituting Eq. (71) into (49), we obtain a simple and compact representation for
T(0) in the case of distinct principal stretches as followsTð0Þ ¼ UTð1Þd þ
1
ðIAIIA  IIIAÞ ðI
2
A  IIAÞTð1Þo  A2Tð1Þo  Tð1Þo A2
	 

; ð72ÞwithA ¼ a
ln
1
2
Iþ aln2 U; ð73Þwhere Tð1Þd and T
ð1Þ
o are given by Eqs. (45) and (40), respectively. The result of this section for the stress con-
jugate to the logarithmic strain is simple comparing with those available in the literature.
By substituting Eqs. (70) and (71) into (67), we get T(0) in the case of double-coalescent principal stretches,
with the assumption k1 6¼ k2 ¼ k3 :¼ k0, asTð0Þ ¼ UTð1Þd þ
k1  k0
ln k1  ln k0 T
ð1Þ  Tð1Þd
 
: ð74Þwhere Tð1Þd given by Eq. (57). Finally, by substitution of f
0(k0) = (lnk0)0 = 1/k0 into Eq. (69), the following well-
known expression for T(0) in the case of k1 ¼ k2 ¼ k3 :¼ k0 is obtained
Tð0Þ ¼ k0Tð1Þ: ð75Þ
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In this paper some new and compact general basis-free expressions are provided for the stress T(f) con-
jugate to an arbitrary Hill’s strain measure E(f). In the case of distinct principal stretches Eq. (49) is the
corresponding result, which is simpler than those available in the literature. Moreover, Eq. (49) has some
merits in the sense that it decomposes T(f) into two orthogonal parts. One part is Tðf Þd which is coaxial with
U, i.e. Tðf Þd U ¼ UTðf Þd , and another part Tðf Þo is orthogonal to U such that Tðf Þo : U ¼ Tðf Þo : Tðf Þd ¼ 0. In the
case of double-coalescent principal stretches T(f) is given by Eq. (67). This equation also decomposes T(f)
into two orthogonal parts as Tðf Þ ¼ Tðf Þd þ Tðf Þo , where Tðf Þd is coaxial with U. As an example, the stress con-
jugate to the special case of Lagrangean logarithmic strain E(0) = lnU is presented in Section 4. Eq. (72)
expresses stress T(0) conjugate to the logarithmic strain in the case of distinct principal stretches which is
a new and simple basis-free result.
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